detecting pathogen interactions from cross-sectional survey data. Surprisingly, 23 however, the results of the very simplest of epidemiological models challenge the caused by competition for susceptible hosts (Rohani et al., 1998 (Rohani et al., , 2003 . 75 A well-known difficulty is that factors other than biological interactions between 76 pathogens can drive statistical associations. For instance, host heterogeneity -that 77 some hosts are simply more likely than others to become infected -can generate 78 positive statistical associations, since co-infection is more common in the most vul-79 nerable hosts. Heterogeneity in host age can also generate statistical associations, 80 as infections accumulate in older individuals (Lord et al., 1999) More fundamentally, however, the underpinning and long standing assumption 87 that non-interaction implies statistical independence (Forbes, 1907; Cohen, 1973) 88 has not been challenged. Here we confront the intuition that biological interactions 89 can be detected via statistical associations, demonstrating how simple epidemiolog-90 ical models can change the way we think about biological interactions. In particular, 91 we show that non-interacting pathogens should not be expected to have prevalences 92 that are statistically independent. Co-infection by non-interacting pathogens is more 93 probable than multiplication would suggest, invalidating any test invoking statistical 94 independence. 95 The paper is organized as follows. First, we use a simple epidemiological model 96 to show that the probability that a host is co-infected by both of a pair of non-97 interacting pathogens is greater than the product of the net prevalences of the in- 98 dividual pathogens. Second, we extend this result to an arbitrary number of non-99 interacting pathogens. This allows us to construct a novel test for biological inter-100 action, based on testing the extent to which co-infection data can be explained by Susceptible-Infected-Susceptible (S-I-S) dynamics (Keeling and Rohani, 2007) , the 120 proportion of the host population infected by pathogen  ∈ {1, 2} follows
in which the dot denotes differentiation with respect to time, β  is a pathogen-specific 122 infection rate, and μ is the host's renewal rate. us to reasonably use it for pathogens of any host species ranging from humans to and so
in which 168 We assume the basic reproduction number, R 0, = β  / μ > 1 for both pathogens.
Prevalence of co-infected hosts

169
Solving Eq. (3) numerically for arbitrary but representative parameters ( Fig. 2A ) 170 shows the proportion of co-infected hosts (J 1,2 ) to be larger than the product of the 171 individual prevalences (P =  1  2 from Eq. (1)). That J 1,2 (t) ≥ P(t) for large t (for all 172 parameters) can be proved analytically (Supplementary Information: Section S1.1).
173
Simulations of a stochastic analogue of the model (Fig. 2B) for simplicity ( = 1, 2). The specific clearance rate of each pathogen is γ  . The diseaseinduced death rate of co-infected hosts is α 1,2 . The natural death rate of the host is ν.
The host population size is assumed to be a constant, with no vertical transmission.
Therefore, each death implies the birth of an uninfected individual. Unspecific clearance (purging all pathogens at once) occurs at rate ξ. As in the main text,   = J  + J 1,2 denotes the prevalence of hosts singly infected or doubly infected by pathogen  ( = 1, 2). The full model is:
The full model implies:
Non-interacting pathogens necessarily have independent dynamics, i.e.,
This requires α 1 = α 1,2 = α 2 . Therefore, non-interacting pathogens must have the same virulence (α 1 = α 2 ) and being infected by one or both pathogens must leave the diseaseinduced death rate unchanged α 1,2 = α. These assumptions may fit similar pathogens such as different genotypes of the same species. However, the absence of additional disease-induced mortality may imply (indirect) interactions at the within-host scale. This does not compromise non-interaction at the host population scale though.
Otherwise (α 1 = α 2 or α 1 = α 2 = α 1,2 ), it is simply not possible to build a non-interacting model with nonzero virulence, since pathogens interact at the host population scale.
This is a form of "ecological interference" (Rohani et al., 2003) . Consequently, there is no reason to expect such virulent pathogens to be statistically independent.
In conclusion, the renewal rate μ in the main text can be interpreted as μ = ν + ξ for pathogens which do not increase their host's death rate (α  = 0 for  = 1, 2) or (more cautiously) as μ = ν + ξ + α for similar pathogens (restricting "non-interaction" to its population-scale definition: the prevalence of each pathogen is unaffected by the other).
The answer to the question posed in the title of this box is therefore "No." 
Deviation from statistical independence
179
For R 0, > 1 the relative deviation of the equilibrium prevalence of co-infection (J 1,2 ) 180 from that required by statistical independence (P = 12 ) is 
Modelling co-infection by n non-interacting pathogens
197
We denote the proportion of hosts simultaneously co-infected by the (non-empty) 198 set of pathogens  to be J  , and use Ω  =  \ {} (for  ∈ ) to represent combinations 199 with one fewer pathogen.
200
The dynamics of the 2 n − 1 distinct values of
in which the net force of infection of pathogen  is 202 
234
We identified four suitable studies reporting data concerning strains/clones of a 235 single pathogen, and tested whether these data are consistent with no interaction.
236
For all four studies (Fig. 3) , the best-fitting NiSP model is a better fit to the data NiDP model to data from a study of malaria in Nigeria (Molineaux et al., 1980 
Equilibria of the two-pathogen model
354
The 2-pathogen model is given by Eq. (1-2-3) . Since the population size is constant,
, and so it follows that
It is well-known ( can be recast as
The equilibrium prevalence of co-infected hosts (J 1,2 ) can therefore be written in 361 terms of the individual net prevalences at equilibrium ( 1 and 2 ),
This immediately leads to the result concerning the deviation ofJ 1,2 fromP = 12 363 (i.e., the expected prevalence of co-infected hosts given statistical independence) 364 quoted in Eq. (4). 
Equilibria of the n-pathogen model
366
The n-pathogen model is given by Eq.
(1-5-6). Since the host population size is 367 constant, J ∅ = 1 − ∈∇ J  , where ∇ is the set of all 2 n − 1 sets with infected or co-368 infected hosts. It is also true that
At equilibrium, Eq. (5) becomes
in whichJ Ω  andJ  are equilibrium prevalences, andF  is the force of infection of 371 pathogen  at equilibrium, i.e.
Since these forces of infection are constant and do not depend on the equilibrium 373 prevalences, the set of 2 n − 1 equations partially characterizing the equilibrium is 374 linear, with
Similarly, Eq. (10) is linear
The equilibrium prevalences can be written very conveniently in a recursive form 
Then, one may recursively use the following equation, equivalent to Eq. (13): 
in whichF = β − μ. The net prevalence of hosts infected by k distinct pathogens is 
in which C n k is a combinatorial coefficient, andJ ,k is any of the individual prevalences 398 for which || = k. The ratio between successive values ofM k is given by
From Eq. (15), it follows that
in which R 0 = β/ μ. For 1 ≤ k ≤ n, Eq. (17) and (20) together imply
a form which admits a simple recursive solution. 
Infection of uninfected host by pathogen 2
Infection by pathogen 1 of host singly-infected by pathogen 2
Infection by pathogen 2 of host singly-infected by pathogen 1
Removal of host singly-infected by pathogen 1 μJ 1 Δt + o(Δt) J 1 → J 1 − 1 and replacement with an uninfected host
Removal of host singly-infected by pathogen 2 μJ 2 Δt + o(Δt) J 2 → J 2 − 1 and replacement with an uninfected host
Removal of co-infected host μJ 1,2 Δt + o(Δt) J 1,2 → J 1,2 − 1 and replacement with an uninfected host J ∅ → J ∅ + 1 Table 1 : Transitions in the two-pathogen stochastic models. The prevalence of uninfected host is J ∅ , the prevalence of each class of singly-infected hosts is J  (for  ∈ [1, 2]), and the prevalence of co-infected host is J 1,2 . The net force of infection of pathogen  is F  = β    / N = β  (J  + J 1,2 )/ N (note the scaling by the population size N relative to the forces of infection as used in the deterministic version of the model).
To ensure a constant host population size, we have made the simplifying assumption that removal and replacement occur simultaneously; this has no effect on our qualitative results.
Stochastic differential equations.
The model can also be written as a system 
425
The expected change E(ΔX) and covariance of the changes V(ΔX) can be com-426 puted from Table 1 to order Δt via
where dJ =ƒ dt is the unscaled version of the deterministic model as specified in Eq.
428
(3-7) with N = J ∅ + J 1 + J 2 + J 1,2 (a constant) and F  = β  (J  + J 1,2 )/ N. In addition, the 429 matrix  is given by
The changes in a small time interval Δt are approximated by a normal distribution 
The matrix G is not unique but a simple form with dimension 4 × 7 accounts for 435 each event in 
Covariance matrix at the endemic equilibrium. In Supplementary Information 440 (Section S1.2) we show that the covariance between the prevalences of pathogen 1 441 and pathogen 2 as they fluctuate in the vicinity of their equilibrium values is approx- 
For the data for malaria corresponding to numbers of individuals, O  , infected by dif- 
Fitting the models
461
The host renewal rate, μ, can be scaled out of the equilibrium prevalences by rescal- The cross-sectional survey data extracted from previous publications which we have 523 used to test our methodology are tabulated in Table 2 
